We apply the nonperturbative optimized linear δ expansion method to the O(N ) scalar field model in three-dimensions to determine the transition temperature of a dilute homogeneous Bose gas. Our results show that the shift of the transition temperature, ∆T c /T c , of the interacting model, compared with the ideal gas transition temperature, really behaves as γan 1/3 where a is the s-wave scattering length and n is the number density. For N = 2 our calculations yield the value γ = 3.059. This result does not make use of any large-N approximation as used in other determinations of the transition temperature.
The experimental realization of the Bose-Einstein condensation in dilute atomic gases has greatly stimulated an enormous number of theoretical studies in this field (for recent reviews on the theory and experiments, see for instance, Refs. [1, 2] ). Most of this interest comes from the fact that in these experiments a great deal of control can be achieved in almost every parameter of the system. Thus, experiments in dilute Bose gases provide a perfect ground to test inumerous models and ideas, as for example those commonly used in quantum field theory, applied to non-relativistic systems. In particular, a theoretical study which has attracted some attention very recently is the determination of the behavior of the transition temperature with the interaction parameter, with different results being obtained [3] [4] [5] [6] [7] [8] [9] . The authors in Refs. [8] and [9] make use of a 1/N approximation, setting N = 2 at the end. In order to determine the leading order correction to the shift in transition temperature, Baym et al. [8] , consider only the leading order terms, obtaining ∆T c /T c = γan 1/3 , with γ ≃ 2.33.
However, we recall that large-N results at finite temperatures must be taken with care. In fact, when applied to the Gross-Neveu model in 1+1 dimensions this approximation predicts a critical temperature which is in contradiction with Landau's theorem for phase transitions in one space dimension [10] . Considering the next to leading order term, Arnold and Tomásik [9] , determine a correction to this large-N expansion, obtaining a value for ∆T c /T c which is ∼ 26% smaller. On the other hand, experiments with trapped dilute atomic gases seem to give a somewhat larger value for the constant γ, as γ ∼ 5 [7] . This value is close to γ ≃ 4.66 which is the one obtained in Ref. [3] , with renormalization group techniques.
In this paper, although we base our model on the one used in Refs. [8] and [9] , we do not make use of large-N approximation to determine the critical temperature. Instead, we apply to the model the nonperturbative linear δ expansion (or optimized perturbation theory) [11, 12] (for earlier references see, e.g., [13] ). The optimized perturbation theory has been shown to be a powerful nonperturbative method, and sufficiently simple to use in very different applications, including the study of nonperturbative high temperature effects, as shown very recently in the context of finite temperature quantum field theory [14, 15] as well as finite chemical potential [16] . In particular, the agreement in between the δ expansion results and the renormalization group results for the phase transition of the Z 2 × Z 2 model is impressive [15] . As we shall see, the great advantage of this method is that at each order in δ one deals with a finite number of Feynman diagrams. This makes the bookkeeping easy and avoids potential nonperturbative renormalization problems. The method also introduces an arbitrary mass parameter which prevents infrared divergence problems. Nonperturbative results are generated when one optimizes the theory with respect to this mass parameter.
Let us start by considering the typical model that describes a gas of interacting boson particles, described by a complex scalar field ψ with Lagrangian density given by (we work with natural units where c = k B =h = 1)
where µ is the chemical potential. Let us take the interatomic interaction potential as being the one for a hard sphere gas,
where a is the s-wave scattering length.
We want to determine the deviation of the critical temperature T c , of the interacting model, in relation to the critical temperature for Bose-Einstein condensation for a free gas, T 0 , given by the usual expression
where n is the number density of the boson gas.
As discussed in Refs. [8] and [9] , close to the critical point we can reduce (1) to an effective three-dimensional model for the zero Matsubara frequency modes (the static modes) of the fields ψ, given by the functional integration of the non-zero modes, obtaining an effective action defined by (β
with the effective action for the static modes, d 3 xL eff , being equivalent to a threedimensional O(2) field theory, defined by the action
where φ = (φ 1 , φ 2 ) is related to the original real components of ψ by ψ 1 = (mT ) 1/2 φ 1 and ψ 2 = (mT ) 1/2 φ 2 while r and u are given by
In order to compare with the large N results of [8] and [9] , we consider the extension of (5) to O(N) symmetry.
By considering the usual interpolation prescription (see for example Refs. [14] [15] [16] ), we write
where S 0 is quadratically (exactly solvable) in the fields.
One can choose
where R = r + η 2 , obtaining
with η being an arbitrary parameter, with mass dimensions, which is fixed at a finite order in δ by an appropriate variational procedure known as the Principle of Minimal Sensitivity (PMS) [17] . In pratice, a physical quantity (Φ) is evaluated perturbatively up to a given order in δ and this quantity is then made finite by renormalizing the parameters in the interpolated theory. Then, one sets the bookkeeping parameter δ to unity and requires
which is the PMS condition. Here we will optimize the physical quantity represented by φ 2 which, as we shall see, is directly related to the critical temperature shift ∆T c /T c . Let us first define the density
where, for the O(N) symmetric model, φ 2 is expressed in terms of the three-dimensional dressed Green's function G δ (p) as
where
and Σ δ (p) is the φ field renormalized self energy which will be evaluated perturbatively in powers of δ.
At the critical temperature the original system must exhibit infinite correlation length, which means that at T c and δ = 1 (the original theory), G −1 δ (0) = 0. Then, one gets the
which is just the form of the Hugenholtz-Pines theorem. We must stress that the choice (9) respects the Hugenholtz-Pines Theorem at all orders in δ.
Now, by using the relation (14) in (12), we can write the expression
which can also be written as
Expanding the above expression, in powers of δ, to O(δ) one sees that the only contribution to the self energy is a momentum independent tadpole diagram which is cancelled by the condition on r. Then, to order δ, we obtain
which is u independent and cannot furnish nonperturbative results. At next order in δ the only momentum dependent contribution to the self energy comes from the two loop setting sun diagram, which is of order δ 2 . Then, we obtain
where Σ ss (p) represents the setting sun contribution to the self energy,
Note that η acts naturally as an infrared cutoff so we do not have to worry about these type of divergences. The first three terms in Eq. (18) represent one-loop diagrams with different powers of δη 2 insertions. We regularize all diagrams with dimensional regularization in arbitrary dimensions d = 3 − 2ǫ and carry the renormalization with the MS scheme. So the momentum integrals are replaced by
where M is an arbitrary mass scale and γ = 0.5772 is the Euler-Mascheroni constant. One then obtains the O(δ 2 ) one loop contributions
where we have used the expression
and its derivatives with respect to η to determine (20). The setting sun self energy diagram, with zero external momentum, is given by (see, for example, Ref. [18] )
from which one gets
The momentum dependent setting sun contribution can be written as
where [18] 
We then obtain for Eq. (24)
Using Eqs. (20), (23) and (26) in (18), we determine φ 2 at order δ 2 . Note that all divergences in ǫ cancel and that at order δ 2 , φ 2 is a finite quantity. We can now set δ = 1 and optimize φ 2 in terms of u and η. The PMS applied to φ 2 gives two solutions forη
In principle one could not single out one solution in favor of the other and we must be careful in choosing the appropriate one. Here, in particular, one can use experimental evidence that ∆T c /T c is positive [4] to single out the negative solution. Another argument would be to take Baym et al. result as "exact" in the large-N limit and try to reproduce that result in the same limit. Then, by choosing the positive solution, one obtains the optimized result for φ 2 ,
As shown in [8, 9] , it is useful to subtract from Eq. (11) the density of the free gas, n 0 .
In this case the critical temperature shift at leading order in the density can be expressed
where ∆ φ 2 can be obtained from Eq. (12) by subtracting the equivalent optimized expression in the absence of interactions. Here one should carefully notice the importance of selecting the appropriate quantity to be optimized. As a matter of fact, we have optimized φ 2 and not ∆ φ 2 simply because the zero point subtraction which leads to the latter quantity is η dependent and so takes away some important nonperturbative information. Also, as we have seem, the PMS will eventually produceη in terms of u and so subtracting the "non-interacting" version of φ 2 before optimization is not appropriated. The PMS applied to φ 2 givesη ∼ u displaying the true u dependence of this quantity. Then, by replacing η →η ∼ u and setting u = 0 one can easily obtain the non interacting optimized φ 2 in an unambiguous fashion directly from Eq. (18) . As can be easily seem this quantity has only a momentum dependence and its contribution is zero in dimensional regularization. We then get our final result, 
Setting N = 2 in the above expression we obtain
which is to be compared with the results obtained by Baym et al. [8] and Arnold and Tomásik [9] . Baym et al. obtain ∆T c /T c ≃ 2.33an 1/3 in the large-N limit and N = 2.
Just for comparison we may also take the large-N limit in our general result, Eq. We conclude that our results for the critical temperature indeed reproduce the expected behavior obtained from other studies, which is T c ≃ T 0 (1 + γan 1/3 ). We obtain an expression for the numerical coefficient γ which explicitily includes small N contributions and our final results seem to support the ones obtained with renormalization group methods [3] predicting that the numerical value of γ is greater than the ones predicted by the 1/N expansion at leading order [8] and next to leading order [9] . As far as the method is concerned we have shown how the interpolation and optimization procedures can be succesfully implemented within this particular model for Bose gases. As shown in the paper, the method we have employed is considerable simpler and easier to use than all previous methods used to determine the behavior of T c . Due to its simplicity and easy implementation, we believe that the optimized δ expansion could also be useful in other aspects of the theoretical study and understanding of the Bose condensation of dilute atomic gases, as determining the correct corrections to the energy spectrum, or also in applications in the recent studies of the dynamics of the Bose-Einstein condensate formation [19] . Finally, we should stress that here we have treated the homogeneous Bose gas with effectively repulsive interactions, that is, positive scattering length. However, as pointed out in [3] , the results we get can be meaningful for trapped Bose gases because the width of the region where the finite size effects are important are of order O(ω/T c ) (where ω is the gap between levels of the harmonic trap).
In fact, in the present experiments the number of particles is such that N ≫ 1, and the critical temperature T c ≫ ω . Hence our results can be also valid for the central density of trapped Bose gas.
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